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Abstract

In the United Kingdom, as elsewhere, there has been a debate on how to escape
from lockdown without provoking a resurgence of the Covid-19 disease. This
paper presents a simple cost-benefit analysis inspired by optimal control theory,
incorporating an SEIR model of disease propagation. Our calibration accords with
UK experience and simulations start from the beginning of January 2021. The
optimal path for government intervention is computed under different assumptions
about the value of life. We examine how the test & trace system and vaccination
affect this optimal path and show that these policies are complements. Test & trace
has most effect at the beginning when prevalence is high, whereas vaccination only
affects infections gradually. Comparing optimal paths, we show that economic cost
is much lower under vaccination alone than under test & trace alone. Deaths, in
contrast, are somewhat higher under vaccination. In general, the greater is the
value of life, the longer is the optimal lockdown. Under certain conditions, this
relationship is discontinuous: a small increase in the value of life leads to a jump
in the optimal length of lockdown.
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1



1 Introduction
How quickly should the Covid lockdown be ended in the United Kingdom? How many
people will die as a result? What does the trade-off between deaths and the costs of
lockdown look like? Is there a stark choice between a policy of living with Covid and
one of eliminating Covid? Many people are asking these questions.

There is a need for an effective synthesis of epidemiological and economic per-
spectives to answer these questions. A report by the Institute for Government (IoG)
“Science advice in a crisis” has called for such work. The authors claim [21, page
21] that “integration [between Treasury ministers and officials and the Scientific Ad-
visory Group for Emergencies (SAGE)] was not helped by the fact that economic and
epidemiological modelling is largely done separately. . . . [S]everal academics have ar-
gued that given time, modelling could be brought together if the government funded
economists and epidemiologists were to collaborate”.

We were amongst the first to answer the above questions by bringing together an
SIR epidemiological model and the kind of cost benefit analysis normally carried out
by economists [19, 20, 23, 24]. There are now many other papers doing this, see for
example [3, 9]. This paper is a further step towards breaking down the silos which the
IoG report identified.

Since we wrote our earlier papers, the Covid situation in the UK has changed in
four important ways. First, new variants of Covid have arrived which spread more
rapidly. Second, it has become apparent that those who are infected take some time to
become infectious. Third, the UK’s test-and-trace system seems to be working better,
and numbers are available about the extent of this improvement. Finally, vaccination
has arrived and is being rolled out quickly. We show how a test-and-trace system, and
a vaccination process, can radically change the answers to the above questions.

Some of the papers written by economists about policy responses to Covid contain
sophisticated “micro-foundations” and justify government intervention on the grounds
that utility maximising individuals may under-protect themselves against the risk of
infection: they may ignore the fact that by getting infected themselves they increase
the risk that others will become infected. Individuals may also reduce their expendi-
ture during the pandemic, thereby damaging the economy. A good example of such a
micro-founded approach is [2]. By contrast most authors, whilst recognising the im-
portance of micro-foundations, do not seek to derive individual behaviour from utility
maximisation. Instead, they build and calibrate simple models of disease dynamics and
then suppose that government interventions will influence these dynamics in a specified
fashion. This is the approach adopted in [20] and which we adopt here.

Our first step in [20] was to explore the trade-off between deaths and economic
costs, using an SIR model, where economic costs include not only the medical costs
and output loss due to illness but also the costs of the restrictive policies adopted by
government to combat the disease . Aspects of this trade-off had already been identified
by the Imperial College group in their now-famous paper [8]. This trade-off has also
been explored in several other papers [2, 6, 7].

The central feature of [20] was to make use of this trade-off in a dynamic cost-
benefit framework that enabled us to determine the optimal length of the initial lock-
down and the optimal severity of subsequent policies. We showed that what is optimal
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depends crucially on the value attached to human life. Our results, produced early in
the epidemic, provided striking evidence that the UK seemed to be attaching a sur-
prisingly high value to life. We also quantified the benefits that would be gained by
imposing lockdown earlier rather than later - even by just one week - and we explored
the benefits of a test-and-trace system.

In this paper we attempt to quantify how, in the new circumstances described above,
the optimal length of initial lockdown, and the optimal severity of subsequent policies,
depend on the value attached to human life. This is a complex piece of analysis, for
two reasons. First, the epidemiological model which we use – an SEIR model - is
inter-temporal, in a highly non-linear way. Second, finding the best point on a trade-
off between economic costs and deaths requires a choice of policy intervention across
many different time periods. The combination of non-linearity and a wide spectrum of
policy choices requires optimal control techniques if one is to find an optimal outcome.

Perhaps our most surprising result — albeit confirming what we already found
in [20] — is that a small change in the value of life can lead to a radically different
optimal length of lockdown, and optimal severity of subsequent policy. These also
depend on the efficiency of the test-and-trace programme and on the pace of vaccina-
tion. Clearly both matter. But, as we show, test-and-trace is more effective at reducing
deaths, whereas vaccination is more effective at reducing economic costs; we explain
why this is the case. Our results therefore show that test-and-trace and vaccination are
complementary policies rather than substitutes. When beginning with a high number of
infections, it is necessary to use both policies, as is now happening in the UK. We de-
liberately carry out our analysis looking forward from the present, rather than looking
backwards to what was happening a year ago. To be precise, we start our simulations
from the beginning of January 2021 when the post-Christmas spike in infections was
already in place, and when vaccination had just begun.

Some authors assume that only two options are available: lockdown or mitigation,
where mitigation involves involves shielding the elderly and vulnerable, leaving most
of the rest of the population to do as they please. An example is the paper by Scherbina
[22], which assumes that government policy is a period of lockdown followed by mit-
igation thereafter. The objective thus becomes a relatively simple one: to find the
optimal length of the lockdown.

In this paper, we assume that the government has a continuum of options available
ranging from lockdown to no intervention at all. It can vary the time profile of its
interventions in any way it chooses. Optimisation is over a two-year period without
discounting.

As already noted, a thorny issue is the value of life for use in the cost-benefit cal-
culations. In particular, what weight should be attached to the fact that most Covid-19
fatalities are old or in poor health? The conventional VSL (value of social life) ap-
proach ignores age [16] and studies that use this approach may assign a value of £2
million or more to each Covid fatality. At the other end of the spectrum are studies
which rely on criteria such as quality adjusted years of life (QALY) or life-time pro-
duction. The value of life is estimated for each age group and a weighted average is
then computed using as weights the shares of these age-groups in Covid fatalities. This
typically results in a value of life in the range £200,000 to £300,000. We use the UK
Treasury figure of £2 million for most of our examples. Because the valuation of life is
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integral to cost-benefit analyses in a pandemic, we refrain from treating any one value
as definitive. Rather, we vary across a spectrum of life values, finding that optimal
policy is sensitive to the number chosen. And, of course, for any number chosen, the
optimal policy will depend on the presence of vaccination and the operation of any
test-and-trace regime.

The paper is laid out as follows. In Section 2 we set out our model, explaining
why we use an SEIR model rather than an SIR model. Sections 3 and 4 define the
“efficiency frontier”, which summarises the inescapable trade-offs between deaths and
economic costs, and describe how we identify the optimal path that determines where
on this frontier society will lie. Sections 5 and 6 describe how we analyse test-and-trace
and vaccination. In Section 7 we analyse our findings in detail. Section 8 concludes
the paper. Appendix A describes in detail how we model test-and-trace. Appendix B
briefly explains how we solve the optimal control problem that we formulate. Appendix
C sets out the parameter values that we use and notes the relevant sources.

2 The Model
The analysis in this paper uses a version of the standard SEIR model of disease propa-
gation. Ignoring births and non-Covid deaths, the initial population at time t = 0 will
divide in the future into four groups of people: Susceptible, Exposed, Infected and Re-
moved, denoted by S(t),E(t), I(t) and R(t). The removed category includes individuals
who have been infected and recovered, together with those who have died. The latter
are denoted by D(t). We use this setup to capture how the epidemic causes people to
progress from susceptible to exposed to infected to removed. The initial population is
normalised to 1, so these various quantities can be interpreted as shares. The members
of E(t) are infected but not infectious, members of I(t) are infectious and remain in-
fectious until they recover or die. Infected individuals who recover acquire complete
and permanent immunity, so the journey from S(t) via E(t) and I(t) to R(t) is in one
direction only.
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The dynamics of the disease are determined by the following equations:

dS(t)
dt

=�b (t)S(t)I(t) (1)

dE(t)
dt

= b (t)S(t)I(t)�sE(t) (2)

dI(t)
dt

= sE(t)� gI(t) (3)

dR(t)
dt

= gI(t) (4)

dD(t)
dt

= d (t)gI(t) (5)

S(0) = S0 � 0 (6)
E(0) = E0 � 0 (7)
I(0) = I0 � 0 (8)
R(0) = R0 � 0 (9)
D(0) = D0 � 0 (10)

S(t)+E(t)+ I(t)+R(t) = 1 (11)

where s ,g > 0 are constant. These constants indicate, respectively, the rate at which
exposed individuals become infectious and the rate at which infectious individuals
cease to be infectious. The proportion of Removed individuals that die is

d (t) = d0e�h1t (h1 � 0) (12)

This formulation allows for medical improvements in the course of time, and will al-
low for preferential access to vaccination for vulnerable individuals. Note that there
are only three genuinely independent state variables in this model. For example, if
the trajectories of S(t),E(t) and I(t) are known, the trajectories of R(t) and D(t) are
uniquely determined by equations (4) and (5). We adopt an SEIR model rather than an
SIR model to allow for the fact that those who are infected take some time to become
infectious.

Equation (1) indicates how the pool of susceptibles is depleted by the outflow of
newly infected individuals. Assuming that social encounters are random, the probabil-
ity that a susceptible individual will be infected in a given unit of time is proportional
to the prevalence of infection in the population. Equations (2) and (3) indicate how the
pools of exposed and infectious individuals vary in response to inflows and outflows.

The coefficient b (t) in equations (1) and (2) is a variable which depends on the
current intensity of social interaction. The latter depends, in turn, on the measures that
the government puts in place to inhibit the spread of the disease. Specifically, we
assume that

b (t) = [1�q(t)]b0 (13)

where q(t) 2 [0,qmax] is an index of policy severity and qmax < 1 is an upper limit
beyond which it is not feasible to increase q(t).
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There are many different economic costs associated with the Covid disease. Two
that play a central role in our analysis are as follows. (1) Costs which depend only on
the current prevalence of the disease; they include the cost of hospital treatment and
output lost from illness. Such costs are equal to pI I(t) where pI > 0 is constant. (2)
Costs which depend only on the current scale of government intervention in the form
of travel restrictions, business closures and the like. These costs are specified by a
function C(q(t)) which is increasing in q(t) and is zero for q(t) = 0.

Throughout this paper we shall assume that the cost-of-intervention function is of
the form

C(q) =Cmax

✓
q

qmax

◆1+f

where Cmax is the cost when there is “full” lockdown, qmax is the value of q when there
is full lockdown, and f is an index of convexity. Figure 1 plots the cost function when
qmax = 0.8, Cmax = 0.01 and f = 2. These are the parameter values that we use in
the simulations reported below. This function has the property that the marginal cost
of government intervention is initially very low, but rises steeply as full lockdown is
approached.

!

� ��� ��� ��� ���
T

�

&
�T
�

����
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Figure 1: Graph of the cost function C(q) with qmax = 0.8, Cmax = 0.01 and f = 2.

Government policy is specified by a complete trajectory of q(t) over the range
[0,T ] where T is the fixed planning horizon. It is assumed that the government has
perfect foresight. Given such a trajectory, the evolution of the system is determined by
equations (1) to (5) and the initial conditions (6) to (10). The economic cost incurred

6



over the course of this trajectory is:

E =
Z T

0
[C(q(t))+pI I(t)]dt (14)

Deaths arising from the Covid infection are included separately under the heading
”value of life”. We ignore collateral damage such as deaths caused by the diversion
of medical resources to Covid patients.The total number of deaths is

DT , D(T ) =
Z T

0
d (t)gI(t)dt

Our study assumes a two-year scenario (T = 730 days). We have chosen parameter
values to try to represent the UK at the start of 2021. The specific values that we have
assumed are listed in Appendix C.

3 The efficiency frontier
A combination (E ,DT ) is efficient if there is no achievable combination (Ê , D̂) such
that Ê < E , D̂  DT

1. The trajectory of q(t) that gives rise to an efficient combination
is a thus a least cost trajectory. There is no allowable trajectory that provides a cheaper
way of preventing total deaths from exceeding DT .

In (E ,DT ) space, the efficient combinations generate a downward sloping curve
with functional form E = f (DT ). This is the efficiency frontier. Figure 2 provides an
illustration based mostly on our model, with f = 2. The efficiency frontier is indicated
by the solid line in this diagram.

Several points should be noted. The curve is truncated in the top-left because there
is a maximum possible number of deaths achieved when q(t) = 0 throughout. The
curve is truncated at the opposite end because there is a minimum number of deaths
achieved when q(t) = qmax throughout. A third, less obvious feature is a dent in the
mid-range. Despite the convexity of the integrand C(q(t))+pI I(t), the efficiency fron-
tier is not universally convex. The significance of the dent is discussed below.

4 Policy Choice
The efficiency frontier spells out the inescapable trade-offs between economic costs
and deaths. The government can, in principle, choose any point on this frontier. The
point that it actually chooses depends on its preferences. Suppose the government seeks
to minimise the following total cost function

J(E ,DT ) = E +pDDT (15)

For a given pD the above equation generates a family of downward sloping indifference
curves:

DT =� 1
pD

E + constant

1This condition is equivalent in the present context to Ê  E , D̂ < DT .
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Figure 2: The efficiency frontier. The circles indicate computed points. The broken
line spans the ‘dent’ discussed in the text.

At all points on a given indifference curve the total cost is the same. The optimum is
found by locating the lowest indifference curve that intersects the efficiency frontier.
Any point at which this intersection occurs is an optimum. For a given pD, the inter-
section point will be unique if the efficiency frontier E = f (DT ) is strictly convex. In
this case, by varying pD we obtain a sequence of intersection points that trace out the
whole of the efficiency frontier. At each point the relevant indifference curve (with
slope �1/pD) is tangent to the frontier.

Suppose the efficiency frontier is strictly convex apart from a single dent as in
Figure 2. This case is illustrated more schematically in Figure 3. Starting in the top-
left corner above the dent, as we increase pD, the tangent rotates in an anti-clockwise
direction. At first the tangent intersects the efficiency frontier at a single point such as
Q1.This point is optimal given pD. All other points on the efficiency frontier lie above
the tangent (indifference curve) at Q1. However, as rotation continues, the point will
come where the tangent bridges the gap left by the dent and intersects the efficiency
frontier twice at P1 and P2. These points lie on the same tangent and therefore have the
same cost. Both of them are optimal. As pD increases still further, each tangent once
again intersects the efficiency frontier in a single point uch as Q2. This point is optimal
for the relevant pD.

The significance of the above discussion is as follows. With a linear cost function
it is never optimal to choose a point within the dent. In the vicinity of the dent a small
change in the value of life pD may lead to a huge change in the optimal path and hence
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Figure 3: An exaggerated version of the efficiency frontier.

in the optimal combination of E and DT . This is what Rowthorn and Maciejowski [20]
found using an SIR model. The same is true here using an SEIR model. In Figure
2 the points P1 and P2 correspond to pD ⇡ 860. Figures 4 and 5 show the radically
different optimal paths when pD = 850 and pD = 870. The number of deaths is 272
thousand and 41 thousand, respectively. The corresponding economic costs are £1857
and £4541 (per capita). The difference is explained by the existence of a prolonged
initial lockdown (approaching 100 days) at maximum intensity when pD = 870 and no
full intensity lockdown at all when pD = 850.

Our optimisation approach assumes a given value of life pD. When there is a dent in
the efficiency frontier, the resulting optimum path may be highly sensitive to the choice
of pD. In the above example, a small increase in this parameter from 850 to 870 leads
to a huge reduction in “optimal” deaths, albeit with a large increase in economic costs.
This suggests a lack of robustness in the method. The “value of life” is a hazy concept
at the best of times and it is desirable to have a choice criterion that does not rely on
this parameter. The following is one possibility. Suppose the government decides on
a socially acceptable number of deaths D⇤and then chooses the trajectory of q(t) that
minimises the economic cost of achieving this outcome. This will take the system to
a point (E ,DT ) = ( f (D⇤),D⇤) on the efficiency frontier. Depending on the size of D⇤

this point may lie within the dent. There is no discontinuity in the optimal solution,
and in this sense the new criterion is more robust than the linear criterion. Note that for
sufficiently small or large values of D⇤ the two criteria are equivalent, since both yield
a solution that lies on the convex part of the efficiency frontier, away from the dent.
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SEIR, New parameters, = 2 D= 850 J= 5.3155 Deaths= 271832
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Figure 4: Trajectories of the optimal solution with pD = 850.

5 Test and Trace
Although slow off the mark, the UK now has an extensive test-and-trace system. This
system is expensive, costing £37 billion (£550 per capita) over two years, and its ef-
fectiveness is uncertain [5, page 3]. To model the operation of this system, we modify
the dynamic equations (2), (3) and (4) as follows:

dE(t)
dt

= b (t)S(t)I(t)�sE(t)� rEE(t) (16)

dI(t)
dt

= sE(t)� gI(t)� rII(t) (17)

dR(t)
dt

= gI(t)+ rII(t)+ rEE(t) (18)

Thus, constant fractions of E(t) and I(t) are isolated each day and are no longer able
to infect the rest of the population. Using the limited information that is available, we
assume that rE = 0.01, rI = 0.025. These fractions are weighted averages that reflect the
degree to which infected individuals self-isolate. They assume that the rate of testing
remains constant throughout the entire trajectory. Details are given in Appendix A.

Figure 6 is derived from Figure 2. It illustrates, amongst other things, how test-
and-trace improves the choices facing the government. The proportion of the infected
population that is isolated each day may appear small, but as can be seen from Figure
6, the cumulative effect of these removals is substantial. Despite its high cost and its
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SEIR, New parameters, = 2 D= 870 J= 5.0771 Deaths= 41160
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Figure 5: Trajectories of the optimal solution with pD = 870.

imperfect implementation (see Appendix A), Test and Trace repays the expenditure on
it several times over.

6 Vaccination
In this section we consider how vaccination affects the results. To model vaccination,
we assume that a constant number F0 of susceptible individuals are vaccinated each
day until S(t) falls to a given value S̄. At this point vaccination stops because there is
no-one left who is willing to be vaccinated. This requires modifying equations (2) and
(3) as follows:

dS(t)
dt

=�b (t)S(t)I(t)�F(t)

dR(t)
dt

= gI(t)+F(t)

F(t) =

(
F0 for S(t)> S̄
0 otherwise

We investigate the cases S̄ = 0.5 and S̄ = 0.2.
We also assume that vaccination reduces the average death rate amongst Covid

victims. This is because vulnerable individuals at high risk of death are vaccinated
first, thereby altering the risk profile of the remaining susceptible population. This
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Figure 6: Frontier curves for various cases. Black curves relate to absence of vaccina-
tion. Blue curves relate to 50% vaccination (see section 6). The magenta curve relates
to 80% vaccination. Diamonds ⇧ and crosses ⇥ mark the curves when Test and Trace
is additionally present (see section 5). All the markers indicate solutions obtained for
the optimisation problem. Broken lines span the discontinuity ‘dents’.

effect is in addition to the assumed decline in the death rate due to medical advances
(see (12)). Specifically, we assume that

d (t) =

(
d0e�h2t for t  t⇤

d (t⇤)e�h1(t�t⇤) for t > t⇤
(19)

with h2 > h1.
Figure 6 illustrates how vaccination affects the choices available to the government.

It is derived from Figure 2 by inserting the equivalent curves when 50% and 80% of
the population are vaccinated (S̄ = 0.5 and S̄ = 0.2, respectively). The main effect
of vaccination is to shift the curves inwards. Not surprisingly vaccination greatly
improves the trade-off between economic cost and deaths. It also reduces the size of
the dent in the efficiency frontier or eliminates it altogether.

Costs of vaccination programmes have been estimated from the information avail-
able in [10].
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7 Discussion of Results
Figures 7–11 show the optimal trajectories obtained with pD = 2000 for the various
cases shown in Figure 6. That is, each figure shows the trajectories corresponding to
a single point on one of the curves in Figure 6. Note that pD = 2000 is equivalent to
£2 million for the value of life (as used by the UK Treasury for project evaluation).
Table 1 shows, for each of these trajectories, the length of the initial lockdown and
the ‘total’ economic cost, by which we mean the economic cost E as defined in (14),
together with the cost of vaccination and of test-and-trace where appropriate. All the
costs which appear in the table are per capita.

Comparing the optimal paths in Figures 7 and 8, we find that test-and-trace on its
own, without vaccination, reduces the time spent in full-lockdown from 105 days to 55
days and the number of deaths from 36,000 to 25,000. Comparing Figures 9 and 10,
we find that test-and-trace has a similar add-on effect if combined with vaccination.

Vaccination on its own, without test-and-trace, has a considerable effect on eco-
nomic cost. This is partly because it shortens the length of full lockdown. It is also
because it allows a rapid return to virtual normality once the lockdown is over. Un-
der the other scenarios, without vaccination, costly government intervention continues
long after full lockdown ends.

A striking feature of Table 1 is the fact that all of the optimal paths involve an
initial full lockdown of more than 4 weeks, sometimes considerably more. This is for
two reasons. The first reason is the high assumed value of life (£2 million). With a
much lower value of life, it would be optimal to avoid a lengthy lockdown and accept a
much higher death toll in return for less economic damage. A second reason is the large
number of infectious people in circulation on day zero (1.9% of the population). Given
a high assumed value of life, the priority is to prevent these people from infecting large
numbers of others. At this stage, economic considerations are of secondary importance.
Hence the initial lockdown.

It is worth explaining one feature of the results depicted in Figures 7– 9, something
which was also evident in Figure 5. In most of the simulations shown, control is relaxed
towards the very end of the time period, and the numbers of exposed and infectious are
allowed to rise. This is simply because the optimisation exercise is not concerned with
anything that happens after 730 days. As a result, it is desirable to relax control towards
the end of the time period, thereby reducing the economic cost of the policy, because
the full cost of doing this will only be evident after the time period under consideration.

A comparison of trajectories reveals some important differences between test-and-
trace and vaccination. Test-and-trace removes people at a proportionate rate from the
infected stock, and hence has most of its effect at the beginning of the period when
prevalence is high. In contrast, vaccination is a gradual process which takes some time
before it significantly affects the course of the disease. Eventually, as more people are
vaccinated and prevalence declines, the effects of test-and-trace decline and those of
vaccination come to the fore.

Another contrast between test-and-trace and vaccination concerns government in-
tervention. When there is test-and-trace alone (i.e. without vaccination), government
intervention continues at high intensity for a long time in order to prevent an explosion
of the disease. In contrast, when there is vaccination alone, the number of susceptible
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SEIR, New parameters, = 2 D= 2000 J= 5.7212 Deaths= 36456
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Figure 7: Trajectories of the optimal solution with pD = 2000. No Vaccination or Test
and Trace.

individuals shrinks steadily as the vaccine is rolled out, allowing intervention to be re-
laxed relatively fast (Figure 9). As a result, in our examples, economic cost is lower
under vaccination alone than under test-and-trace alone.
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SEIR, New parameters, = 2 D= 2000 J= 4.2561 Deaths= 25156

Time (days)

0 200 400 600 800
0

0.5

1
S

Susceptible

0 200 400 600 800
0

2

4

6

E

10-3 Exposed

0 200 400 600 800
0

0.005

0.01

0.015

I

Infectious

0 200 400 600 800
0

0.5

1

R

Removed

0 200 400 600 800
0

1

2

3

D

104 Cumulative deaths

0 200 400 600 800
0

0.5

1
q

Control

Figure 8: Trajectories of the optimal solution with pD = 2000. With Test and Trace but
no Vaccination.
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Figure 9: Trajectories of the optimal solution with pD = 2000. 50% vaccination but no
Test and Trace.
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SEIR, New parameters, = 2 D= 2000 J= 1.5539 Deaths= 22665
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Figure 10: Trajectories of the optimal solution with pD = 2000. 50% vaccination and
Test and Trace.

SEIR, New parameters, = 2 D= 2000 J= 1.4881 Deaths= 29939
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Figure 11: Trajectories of the optimal solution with pD = 2000. 80% vaccination but
no Test and Trace.

16



Trajectory Initial Basic Test and Vaccination Total Deaths DT
lockdown cost E Trace cost cost cost (thousands)

(days) (£) (£) (£) (£)
Baseline 105 4630 4630 36

(Figure 7)
Test & Trace 55 3503 550 4053 25

(Figure 8)
50% Vaccination 45 1588 83 1671 31

(Figure 9)
50% Vaccination 30 875 550 83 1508 23

with Test
and Trace

(Figure 10)
80% Vaccination 35 592 133 725 30

(Figure 11)

Table 1: Summary of optimal solutions with pD = 2000. All costs are shown per
capita.
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8 Conclusions
We draw three important conclusions from this work.

(i) Test-and-trace policies and vaccination should be viewed as complementary
policies which operate in different time frames. The former exerts its main effect in
the opening weeks, whilst the latter acts more gradually and takes some months to
achieve its full impact.

(ii) The optimal duration and severity of lockdown depends crucially on the effec-
tiveness of these key disease control mechanisms.

(iii) Inclusion of the ‘cost of death’ into cost-benefit modelling, is both feasible
and useful. However, it does have one potential drawback. Under certain conditions, a
small change in the value of life can radically alter the optimal length of lockdown, and
severity of subsequent policy. This reinforces the skepticism shown by Mark Carney,
in his third Reith Lecture [5], as to whether the value of life constitutes a good guide for
policy. It may be more appropriate, as he suggests, to decide on a socially acceptable
number of deaths, and then to seek the optimum length of lockdown, and severity of
subsequent policy, that would bring about the this outcome in the least costly way. We
have shown how this could be done.
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Appendix

A Test and Trace — detailed model
We assume that the whole population is sampled randomly for testing, and that in-
fected individuals are over-represented in the sample by a factor. Thus the proportion
of Exposed and Infectious individuals in the sample (on day t) is gEE(t) and gII(t),
respectively.

Suppose that the proportion of false negatives for the Exposed and Infectious in-
dividuals in the sample is 1� pE and 1� pI , respectively. Then the proportion of the
sample that is correctly tested positive is gE pEE(t)+ gI pII(t). Let the number of in-
dividuals tested on day t be N(t). Then the number of Exposed individuals correctly
tested positive is

E+(t) = gE pEE(t)N(t)
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and the number of Infectious individuals correctly tested positive is

I+(t) = gI pII(t)N(t)

Then the total number of individuals correctly tested positive is [gE pEE(t)+gI pII(t)]N(t).
Now suppose that each correctly-tested positive individual has c close contacts.

Then the number of such contacts is c[gE pEE(t)+gI pII(t)]N(t), and if the proportion
of such contacts that is positive is a then the number of such positive close contacts is
ac[gE pEE(t)+ gI pII(t)]N(t). Assume that none of the contacts of false positives are
infected. Then the number of positive close contacts who are in the Exposed population
is

C+
E (t) = ac[gE pEE(t)+gI pII(t)]N(t)

E(t)
E(t)+ I(t)

and the number of positive close contacts who are in the Infectious population is

C+
I (t) = ac[gE pEE(t)+gI pII(t)]N(t)

I(t)
E(t)+ I(t)

Thus the total number of Exposed individuals told to self-isolate is

E+(t)+C+
E (t) = N(t)


gE pEE(t)+ac[gE pEE(t)+gI pII(t)]

E(t)
E(t)+ I(t)

�

and the total number of Infectious individuals told to self-isolate is

I+(t)+C+
I (t) = N(t)


gI pII(t)+ac[gE pEE(t)+gI pII(t)]

I(t)
E(t)+ I(t)

�

Not all of those told to self-isolate will comply with the instruction. Let the average
compliance be b (0 < b < 1). Then on average the number of Exposed individuals who
self-isolate on day t is

bN(t)


gE pE +
ac[gE pEE(t)+gI pII(t)]

E(t)+ I(t)

�
E(t)

and the number of Infectious individuals who self-isolate is

bN(t)


gI pI +
ac[gE pEE(t)+gI pII(t)]

E(t)+ I(t)

�
I(t)

Thus (recalling that we have normalised the total population to be 1) the fraction of the
Exposed population that is effectively removed by test-and-trace is

rE = bN(t)


gE pE +
ac[gE pEE(t)+gI pII(t)]

E(t)+ I(t)

�

and the fraction of the Infectious population that is effectively removed is

rI = bN(t)


gI pI +
ac[gE pEE(t)+gI pII(t)]

E(t)+ I(t)

�
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This leads us to modify equations (2) and (3) to (16) and (17). Since these individuals
are removed from further interaction with the Susceptible population we modify equa-
tion (4) to (18). Note that this results in the total population remaining constant, ie (11)
still holds.

Note there is a minor problem of timing with deaths but the ultimate total D(T ) is
hardly affected.

B Solving the optimal control problem
The problem of minimising the total cost J(E ,D) (see (15)), subject to the constraints
imposed by the SEIR model (1)–(12), and by the constraint 0  q(t)  qmax, is an
optimal control problem. The problem of minimising J(E ,D) when either E or D
is fixed (which arises when computing points on the ‘dents’ in Figures 2 or 6) is a
closely-related optimal control problem.

We solve these problems by discretising time into intervals of length Ts, thus con-
verting the problem into a finite-dimensional optimisation problem (with T/Ts deci-
sion variables), and applying numerical optimisation methods. The resulting problem
is non-convex, despite J(E ,D) being convex in q(t), I(t) and DT , because the SEIR
equations are nonlinear. We found the CasADi software framework [4], in which the
optimisation solver was IPOPT [26], to be very effective for solving the problems that
arose while writing this paper2.

In all the scenarios considered in this paper we have T = 730 days (ie 2 years) and
we used Ts = 5 days. We thus had 146 decision variables, and the same number of
upper and lower bounds on q.

C Parameter values
We have attempted to choose parameter values which reflect the position of the UK in
early January 2021.
Dynamic Parameters
g = 0.142(= 1/7),s = 0.333(= 1/3). These values imply that on average a person
becomes infectious 3 days after being infected and then remains infectious for a further
7 days. These values are consistent with the information in [18]. Phipps, Grafton and
Kompas (2020).
The basic reproduction number is b0/g = 3.75 and hence b0 = 0.536.

Initial Conditions
S(0) = 0.8419,E(0) = 0.0057, I(0) = 0.0132,R(0) = 0.1382,D(0) = 0. The value

of 1�S(0) is derived from the ONS Antibody Survey [11] by summing over the four
nations of the UK and averaging over the two months 10 December 2020 to 6 January
2021 and. 7 January to 3 February 2021. The sum E(0)+ I(0) is taken from the ONS
Infection Survey [1]. It is assumed that sE(0) = gI(0). The proportion in the removed

2The code supporting this article will be uploaded as part of the supplementary material.
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category is obtained from the formula R(0) = 1�S(0)�E(0)� I(0). The initial value
D(0) is set equal to zero because optimisation is forward-looking.

Deaths
d0 = 0.01,h1 = 0,h2 = 0.0027. The estimate for d0 is obtained by dividing the cu-
mulative number of deaths [12] up to mid-January 2021 by the estimated number in
the removed category (see above) at the beginning of the year. The parameter h2 is
a notional amount to allow for the fact that elderly and vulnerable people with a rela-
tively high death rate are vaccinated first. It implies that d (t) = 0.005 after 250 days
(assuming that vaccination continues that long).

Costs
Cmax = 0.01. This is based on the deviation of daily UK per capita GDP in January
2021 below the pre-2020 trend [13].
qmax = 0.8. This value is consistent with an effective reproduction number (1�q)b0S/g =
0.75 when q = qmax,S = 1.0 and b0/g = 3.75. In March 2021 the UK effective repro-
duction number was estimated to lie within the range 0.7-0.9 [14].
f = 2 . This is the assumed measure of convexity. The higher the value of f the more
is policy biased away from lockdown (see [20]).
pI = 1.This is a notional allowance for medical costs and lost output due to the absence
from work of Covid-infected individuals and their close contacts. It is additional to the
loss caused by economy-wide restrictions.
pD varies in our investigations.

Test and Trace
pE = 0.35, pI = 0.70.These values are chosen in the light of the updated Cochrane
review [17].
gE = 7,gI = 14. These values are chosen to ensure that gE pEE0+gI pII0 = 0.143. The
quantity 0.143 is the proportion of cases testing positive in England in early January
2021 [15], after subtracting 0.008 for false positives (see [17]).
n = 0.006. This corresponds to the assumed number of tests per day (400,000).
a = 0.1. This is a conservative figure to allow for the possibility that relatively few
close contacts are infected.
b = 0.4. This is a conservative figure to allow for the possibility that fewer people
conform to self-isolation instructions than is reported in the UCL study [25].
c = 1.76. This is the ratio of close contacts reached to cases testing positive in England
in early January 2021 [15].
rE = 0.01,rI = 0.025. These are the rounded values implied by the above assumptions.

Vaccination
S̄ = 0.5,0.2. Illustrative assumptions.
F0 = 0.006. This corresponds to an assumed rate of 400,000 vaccinations per day.

Simulation
Scenario duration T = 730 days.
Time discretisation Ts = 5 days.
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